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Abstract
We discuss non-perturbative dynamics of massive gravity in de Sitter space
via gravitational Higgs mechanism. We argue that enhanced local symmetry
and null (ghost) state at (below) the perturbative Higuchi bound are mere
artifacts of not only linearization but also assuming the Fierz-Pauli mass term.
We point out that, besides de Sitter, there are vacuum solutions where the
space asymptotically is de Sitter both in the past and in the future, the space
first contracts, this contraction slows down, and then reverses into expansion,
so there is an epoch where the space appears to be (nearly) flat, even though
the vacuum energy density is non-vanishing. We confirm this by constructing
a closed-form exact solution to full non-perturbative equations of motion for
a “special” massive de Sitter case. We give a formula for the “critical” mass
above which such solutions apparently do not exist. For the Fierz-Pauli mass
term this “critical” mass coincides with the perturbative Higuchi bound, and
the former serves as the non-perturbative reinterpretation of the latter. We
argue that, notwithstanding the perturbative ghost, non-perturbatively there
is no “instability”. Instead, there are additional vacuum solutions that may
have interesting cosmological implications, which we briefly speculate on.
1 Email: zura@quantigic.com
2 DISCLAIMER: This address is used by the corresponding author for no purpose other than
to indicate his professional affiliation as is customary in publications. In particular, the contents
of this paper are not intended as an investment, legal, tax or any other such advice, and in no way
represent views of Quantigic Solutions LLC, the website www.quantigic.com or any of their other
affiliates.
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1 Introduction and Summary
The currently observed accelerated expansion of the Universe [1, 2] is one of the
motivations for considering large-scale modifications of gravity. One such modifica-
tion is giving small mass to the graviton with the aim of explaining the accelerated
expansion without a tiny cosmological constant.3 While – barring unbroken super-
symmetry – the cosmological constant is not protected, quantum corrections to the
graviton mass appear to be suppressed by the graviton mass itself [3]. However,
unlike in a scalar or vector theory, in gravity there is more to the graviton mass.
A general Lorentz invariant mass term for the graviton hMN in the linearized
approximation is of the form
− M
2
4
[
hMNh
MN − β(hMM)2
]
, (1)
where β is a dimensionless parameter. Perturbatively,4 for β 6= 1 the trace compo-
nent hMM is a propagating ghost, while it decouples in the Minkowski background
for the Fierz-Pauli mass term with β = 1 [4]. Again, perturbatively, generically a
ghost reappears beyond the linearized level even for the Fierz-Pauli mass term [5]
and, once again, perturbatively, to avoid the reappearance of a ghost beyond the
linearized level one attempts tuning the mass term to a special form [3]. On the
other hand, while quantum mechanically small graviton mass M per se may well be
“technically natural” [3], the special form of the mass term necessary for avoiding a
ghost beyond the linearized level is not protected by any symmetry. In fact, already
at the linearized level β in (1) is not protected by any symmetry against quantum
corrections. Does this then mean that massive gravity is “unstable”?
Gravitational Higgs mechanism [6, 7] provides a non-perturbative and fully co-
variant definition of massive gravity. Non-perturbatively, even for β 6= 1, the Hamil-
tonian is bounded from below and the perturbative ghost is merely an artifact of
linearization [8, 9].5 Therefore, stability should be addressed in the context of full
non-perturbative theory. Furthermore, since there is no symmetry that would pro-
tect β, there appears to be no reason to restrict to β = 1. In particular, if there
is any “instability”, it should be visible non-perturbatively. For instance, in [11],
in furtherance of the results of [9], explicit non-perturbative vacuum massive solu-
tions were constructed in the case of gravitational Higgs mechanism in Minkowski
space.6 There appears to be no “instability” or catastrophic collapse of the back-
ground. Instead, non-perturbatively there simply exist vacuum solutions other than
3 Notwithstanding that zero cosmological constant might be just as “unnatural”.
4 Here we refer to perturbative expansion in powers of hMN in the classical theory, not loop
corrections.
5 The full non-perturbative Hamiltonian for the model of [7], which has β = 1/2, in the
gravitational Higgs mechanism framework was constructed in [10] and is expressly positive-definite.
Non-perturbative unitarity for general β in the Minkowski space was argued in [9], while for the de
Sitter space it was argued in [8]. For a list of other works related to gravitational Higgs mechanism
and massive gravity, see [11] and [3].
6 That is, Minkowski space being one of the background solutions.
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the Minkowski background. These vacuum solutions are oscillatory with no evident
pathologies or cause for alarm. That is, despite the fact that perturbatively there
is a fake ghost, non-perturbatively the theory does not appear to be “sick” or in-
consistent. In fact, it has a rich structure of apparently well-behaved (non-static)
vacuum solutions.7
Motivated by these results and also by the observation of [12], in this note we
discuss non-perturbative dynamics of massive gravity in de Sitter space via gravi-
tational Higgs mechanism. We keep β arbitrary. For β = 1, perturbatively there
is the Higuchi bound [13], according to which the helicity-0 graviton mode becomes
null at M2 = 2H2 and turns into a ghost for M2 < 2H2 (where H is the Hub-
ble parameter in de Sitter space), which is a form of vDVZ discontinuity [14, 15].
The appearance of the null state at M2 = 2H2 is due to enhanced local symmetry
[16, 13, 17]. However, as was argued in [8], non-perturbatively there is no enhanced
symmetry or null state for any value of the graviton mass and these are merely
artifacts of linearization as is the perturbative ghost. In this paper we first consider
the linearized theory for general β and argue that for β 6= 1 there is no enhanced
symmetry or null state already at the linearized level. So, in this regard, these are
artifacts of not only linearization but also assuming the Fierz-Pauli mass term.
We then discuss full non-perturbative equations of motion for general β and
M2/H2. For general β and dimension D the analog of the perturbative Higuchi
bound is
M2∗ =
(D − 1)(D − 2)
Dβ − 1 H
2 . (2)
However, we emphasize that non-perturbatively there is no enhanced local symmetry
or null state at M2 = M2∗ , and there is no ghost at M
2 < M2∗ . Instead, the
significance of the “special point” M2 = M2∗ is that it delineates the types of vacuum
solutions other than de Sitter that exist. Thus, we argue that there exist vacuum
solutions which asymptotically are de Sitter for both τ˜ → ±∞, where τ˜ is the
“proper time”, and have the property that the space (starting from de Sitter at τ˜ →
−∞) first contracts, this contraction slows down, and then reverses into expansion
(ending with de Sitter at τ˜ → +∞), so there is an epoch where the space appears
to be (nearly) flat, even though the vacuum energy density is non-vanishing.8 Such
solutions exist for all M2 ≤ M2c , where Mc is the “critical” graviton mass. It is
convenient to parameterize M2 via 1 − α ≡ M2∗/M2, so α ∈ (−∞, 1), and α = 0
corresponds to M2 = M2∗ . We derive an exact formula for the value αc corresponding
to M2c for arbitrary β and D (see Section 5, Eq. (59) for details):
αc ≡ D − 1
D + 3+β
1−β
, (3)
7 Whether there are any tunneling effects is a separate and interesting topic for investigation.
8 An interesting feature of these solutions is that the scalar curvature at τ˜ → +∞ is about
two orders of magnitude smaller than at τ˜ → −∞, even though there is no small parameter in the
theory – see Subsection 4.1 for details.
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so the aforementioned vacuum solutions do not exist for α > αc, or for M
2 > M2c ,
where
M2c =
M2∗
1− αc =
(D − 1)(D − 2)
4(Dβ − 1) (D(1− β) + 3 + β)H
2 . (4)
For β = 1 (the Fierz-Pauli case) we have M2c = (D − 2)H2 = M2∗ , so there are no
such asymptotic solutions for M2 > M2∗ in this case, while for M
2 ≤M2∗ we do have
such solutions. And non-perturbatively this is the meaning of the Higuchi bound
for β = 1. For β 6= 1 it is M2c , not M2∗ , that carries this meaning, albeit M2∗ defined
in (2) does serve as a more subtle “demarkation line” for more detailed properties
of these vacuum solutions (see Section 4 for details).
In fact, for β = 1/2 and α = 0 (i.e., at the “special point” M2 = M2∗ ) we solve
the full non-perturbative equations of motion in closed form and explicitly construct
the solution described above (see Eq. (39) and the subsequent discussion for details).
(We have also constructed it numerically as an additional check, see Fig.1.) Just as
in the Minkowski case [11], we find no “instability” or catastrophic collapse of the
background. Instead, non-perturbatively there simply exist vacuum solutions other
than de Sitter. An interesting feature of these solutions is the initial contraction
and the subsequent expansion, with an epoch where the space-time appears to be
(nearly) flat. And this is irrespective of the value of the cosmological constant. Such
solutions may be interesting in the context of the cosmological constant problem.
E.g., one could imagine that we live in such a universe and the “observed value” of
the cosmological constant (i.e., the accelerated rate of expansion) is small because we
are just past the turning point and starting to expand. Another possible application
could be in the context of inflation and the Big Bang. In particular, one could
imagine a scenario where the space contracts to a small (Planckian) size and then
expands again, providing the “starting point” for the Universe. Just speculations. . .
To summarize, despite the fact that perturbatively there is a fake ghost, non-
perturbatively the theory does not appear to be “sick” or inconsistent. In fact, it
has a rich structure of (possibly interesting) vacuum solutions. The remainder of
this note is organized as follows. In Section 2 we very briefly review gravitational
Higgs mechanism in curved backgrounds. In Section 3 we discuss linearized massive
gravity in de Sitter space. In Section 4 we discuss non-perturbative dynamics in the
β = 1/2 case and give the explicit exact solution for α = 0. In Section 5 we derive
the formulas for αc and M
2
c for general β.
2 Gravitational Higgs Mechanism
In this section we very briefly review gravitational Higgs mechanism in curved back-
grounds – de Sitter was discussed in [8], and the general case in [11]. We start with
gravity in D dimensions
SG ≡MD−2P
∫
dDx
√−G
[
R− Λ˜
]
, (5)
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where Λ˜ is the cosmological constant. Let G˜MN be a background solution to the
equations of motion corresponding to (5). The background metric G˜MN generally
is a function of the coordinates xS: G˜MN = G˜MN(x
0, . . . , xD−1).
Let us now introduce D scalars φA. Let us normalize them such that they have
dimension of length. Let us define a metric ZAB for the scalars as follows:
ZAB(φ
0, . . . , φD−1) ≡ δAMδBNG˜MN(φ0, . . . , φD−1) . (6)
Next, consider the induced metric for the scalar sector:
YMN = ZAB∇MφA∇NφB . (7)
The following action, albeit not most general,9 will suffice for our purposes here:
SY = M
D−2
P
∫
dDx
√−G [R− µ2V (Y )] , (8)
where a priori the “potential” V (Y ) is a generic function of Y ≡ YMNGMN , and µ
is a mass parameter, while Λ˜ is subsumed in the definition of V (Y ).
The equations of motion have the following solutions
φA = δAM x
M , (9)
GMN = G˜MN , (10)
with
Λ˜ = µ2 [V (D)− 2V ′(D)] . (11)
The scalar vacuum expectation values break diffeomorphism spontaneously, and the
equations of motion are invariant under the full diffeomorphism invariance. We
can therefore set the scalars to their background values, which leaves us with pure
gravity:
SMG = M
D−2
P
∫
dDx
√−G [R− µ2V (X)] , (12)
where X ≡ GMNG˜MN . The equations of motion read
RMN = µ
2
[
V ′(X) G˜MN +
V (X)−X V ′(X)
D − 2 GMN
]
, (13)
with the Bianchi identity
∂M
[√−GV ′(X)GMNG˜NS]− 1
2
√−GV ′(X)GMN∂SG˜MN = 0 , (14)
which is equivalent to the gauge-fixed equations of motion for the scalars.
9One can consider a more general setup with the scalar action constructed not just from Y , but
from YMN , GMN and M0...MD−1 .
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In the linearized approximation in (13) we have the mass term corresponding to
(1) with
M2 ≡ 2µ2V ′(D) , (15)
β ≡ 1
2
− V
′′(D)
V ′(D)
. (16)
We have β = 1 for potentials V with V ′(D) = −2V ′′(D). For a linear potential
V (X) = a + X, we have the model of [7] with β = 1/2 (and for a = −(D − 2) we
have the Minkowski background). E.g., for quadratic potentials V = a + X + λX2
with λ 6= 0 we can have other values of β, including β = 1 for λ = −1/2(D + 2).
3 Massive Gravity in de Sitter
In this section we study linearized equations of motion for the de Sitter background
metric G˜MN ≡ (Ht)−2ηMN , where t ≡ x0, H is the constant Hubble parameter,
H2 ≡ Λ˜/(D − 1)(D − 2), and ηMN is the Minkowski metric. Let us keep β in (16)
arbitrary for now. Let GMN ≡ G˜MN +hMN and h ≡ G˜MNhMN . Then the linearized
equations of motion (13) read:
SMN = 0 , (17)
SMN ≡  hMN +∇M∇Nh− 2∇(M∇ShN)S − G˜MN
[
 h−∇S∇RhSR
]−
H2
[
2hMN + (D − 3)G˜MNh
]
−M2
[
hMN − βG˜MNh
]
, (18)
where ∇M is the covariant derivative in the de Sitter background metric G˜MN , and
 ≡ G˜MN∇M∇N . Furthermore, the Bianchi identity (14) reduces to
∇NhMN − β∇Mh = 0 . (19)
Note that (19) follows from (17).
3.1 Enhanced Local Symmetry at β = 1
For the Fierz-Pauli mass terms (β = 1) at a special value of the ratio Λ˜2/M2 the
linearized equations of motion (17) are invariant under the following infinitesimal
local transformations:
δhMN = (∇M∇N +H2G˜MN)χ . (20)
This local symmetry is present when
M2 = (D − 2)H2 . (21)
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The following identities are useful in deriving this result:
( ∇M −∇M )χ = (D − 1)H2 ∇Mχ , (22)
( ∇M∇N −∇M∇N )χ = 2H2
(
D ∇M∇N − G˜MN 
)
χ . (23)
In D = 4 the presence of the symmetry (20) at the point (21) was discussed in [16].
The presence of this additional local symmetry in the linearized theory implies
that at the point (21) the graviton has (D+ 1)(D− 2)/2− 1 propagating degrees of
freedom (as the helicity-0 graviton mode has null norm), one fewer than at generic
points in the parameter space. Furthermore, the linearized theory is non-unitary
for M2 < (D− 2)H2 (as the helicity-0 graviton mode has negative norm), while for
M2 > (D − 2)H2 all (D + 1)(D − 2)/2 graviton modes are propagating and have
positive norm [16, 13, 17]. Also, in the linearized theory at M2 = (D − 2)H2 the
graviton hMN can only couple to traceless conserved energy-momentum tensor TMN
as the coupling to the trace part of TMN is inconsistent with the symmetry (20).
For a recent discussion, see [18, 19].
However, as was argued in [8], the appearance of the enhanced local symmetry
at M2 = (D − 2)H2 is an artifact of linearization. There is no enhanced local
symmetry in the full nonlinear theory, nor is there a null state or a ghost, and the
full nonlinear theory unitary is for all values of M2/H2 with no vDVZ discontinuity.
The purpose of our exercise here is to argue that the enhanced local symmetry (and
all its consequences) is not only an artifact of linearization but also of requiring the
Fierz-Pauli term. This is reminiscent to what transpires in static radially symmetric
solutions with Λ˜ = 0 – as was argued in [12], there is no vDVZ discontinuity in the
perturbative asymptotic solutions except for β = 1.
3.2 General β
It is not difficult to see that the symmetry
δhMN = (∇M∇N + γH2G˜MN)χ , (24)
where γ is an arbitrary dimensionless constant, is not a symmetry of the linearized
equations of motion for β 6= 1. Indeed, (19) is not invariant under these transfor-
mations unless β = 1. It then follows that there cannot be any null state for β 6= 1.
Without a null state we do not expect a transition between the regime without a
ghost to a regime with a ghost either. I.e., what transpires at M2 = (D − 2)H2 in
the β = 1 case is an artifact of β = 1 and does not happen at other values of β.
We can see this explicitly by studying the linearized equations of motion. The
simplest way to proceed is to focus on the relevant graviton degrees of freedom,
namely, the conformal mode ω and the helicity-0 mode ρ. These two modes are
related via (19). Let hMN = G˜MNω +∇M∇Nρ. Then (19) gives
(Dβ − 1)ω = (D − 1)H2ρ+ (1− β)ρ . (25)
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Note that only for β = 1 is the relationship between ω and ρ algebraic. It is precisely
this feature that leads to “funky” behavior for β = 1.
To see this more explicitly, let us look at the full equations of motion. The
equation of motion for the trace h reads:
− (D − 2)(1− β)h+ [(Dβ − 1)M2 − (D − 1)(D − 2)H2]h = 0 . (26)
Again, for β = 1 this equation is algebraic and generally implies that h = 0. At the
special point with β = 1 and M2 = (D− 2)H2, this equation reduces to an identity,
which is a manifestation of the enhanced local symmetry at this point. Furthermore,
if we included a matter source, the r.h.s. of (26) would be proportional to the trace
of the conserved energy-momentum tensor, which therefore must vanish for β = 1
and M2 = (D− 2)H2. However, for β 6= 1 nothing of the kind transpires as the h
term is present regardless of the value of M2/H2.
Let us take this a step further and analyze SMN in (18) for the modes ω and ρ.
A little algebra gives
SMN = (D − 2)
[
∇M∇N ω − G˜MN ω
]
− (D − 1)(D − 2)H2G˜MN ω , (27)
where we have used (22) and (25), and
ω ≡ ω − M
2
D − 2 ρ =
[
D − 1
Dβ − 1 H
2 − M
2
D − 2
]
ρ+
1− β
Dβ − 1 ρ . (28)
Note that when β = 1, we have ω = [H2 −M2/(D − 2)] ρ, so ρ is null at M2 =
(D − 2)H2, is a ghost at M2 < (D − 2)H2, and is a positive-norm state for M2 >
(D − 2)H2. However, for β 6= 1 there is no null state. Instead, we have a higher-
derivative equation of motion for ρ. We will not analyze this linearized higher-
derivative equation of motion from the viewpoint of stability – as was argued in [8],
stability needs to be addressed non-perturbatively (and was discussed in detail in
[8]) as the linearization artificially introduces a ghost,10 including for β 6= 1. And
we will discuss non-perturbative solutions momentarily. Our key observation here
is that the enhanced local symmetry at the special point and its consequences are
merely an artifact of requiring the Fierz-Pauli mass term.
4 Non-perturbative Dynamics
Looking at (26) or (28), one might get an uneasy feeling that even for β 6= 1
something funny might transpire as the graviton mass crosses the “special point”
defined as
M2 = M2∗ ≡
(D − 1)(D − 2)H2
Dβ − 1 =
Λ˜
Dβ − 1 . (29)
10 In fact, as was argued in [9], the intrinsically perturbative parametrization hMN = G˜MNω+
∇M∇Nρ is inadequate for addressing stability.
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E.g., one may even worry about a potential tachyonic instability. As mentioned
above, stability must be analyzed non-perturbatively, which was done in [8] by
studying the non-perturbative Hamiltonian, which was argued to be bounded from
below, hence no ghost or instability. Here we will not repeat the analysis of [8], but
instead complement it by studying solutions to full non-perturbative equations of
motion, similarly to the Minkowski case in [11].
The equations of motion (13) are highly nonlinear. However, we can get a handle
on them by considering linear potential V = a + X [7]. In this case we have
Λ˜ = (a+D−2)µ2, M2 = 2µ2, β = 1/2 and M2∗/M2 = 1−α, where α ≡ −a/(D−2),
so the “special point” corresponds to α = 0.
The equations of motion (13) read
RMN = µ
2
[
G˜MN − αGMN
]
. (30)
The naively “troublesome” case is when α is negative.
4.1 “Special Point”: α = 0 (for β = 1/2)
Let us start with studying non-perturbative solutions at the “special point” α = 0.
We will look for the solutions of the form
GMN = diag (exp(2B)η00, exp(2A)ηii) . (31)
Then we have Ri0 = 0 and (prime denotes derivative w.r.t. t):
R00 = −(D − 1)
[
A′′ − A′B′ + (A′)2
]
, (32)
Rij =
[
A′′ − A′B′ + (D − 1) (A′)2
]
exp(2A− 2B) δij , (33)
and the (00) and the (ij) equations of motion read:
A′′ − A′B′ + (A′)2 = t−2 , (34)
A′′ − A′B′ + (D − 1) (A′)2 = (D − 1) exp(2B − 2A) t−2 , (35)
where we have taken into account that at α = 0 we have µ2 = (D − 1)H2. The
Bianchi identity (14) reduces to
t−1 [(D − 1) exp(2B − 2A)− 1] + (D − 1)A′ −B′ = 0 , (36)
which together with the equations of motions allows to eliminate B′:
B′ = (D − 2)t (A′)2 + (D − 1)A′ . (37)
The (00) equation then reduces to the following first-order nonlinear equation:
Qτ = [1 +Q]
[
1 + (D − 2)Q2] , (38)
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where Q ≡ tA′ = Aτ ≡ ∂τA, and Qτ ≡ ∂τQ, where ∂τ ≡ t∂t. Note that the
background solution GMN = G˜MN corresponds to the Q = −1 solution of (38).
However, we have another vacuum solution given by
ln |1 +Q| − 1
2
ln
(
(D − 2)−1 +Q2)+√D − 2 tan−1 (√D − 2Q) =
(D − 1) (τ − τ0) , (39)
where τ0 is an integration constant. In fact, there are two inequivalent solutions,
which we will refer to as Q(±), with the following properties. The Q(±) solutions are
defined for τ ∈ (−∞, τ (±)∗ ), where τ (±)∗ ≡ τ (±)0 ±
√
D − 2pi/2(D − 1), and we have
Q(+) > −1, Q(−) < −1, at τ → −∞ we have Q(±) → −1±, Q(+) monotonically
increases from −1 to +∞, and Q(−) monotonically deceases from −1 to −∞. As
we will see in a moment, the singularities at τ
(±)
∗ are not true singularities but mere
coordinate singularities with finite “proper time”. To obtain a geodesically complete
space, we must continue each solution through this coordinate singularity. To do
this, let us study the behavior of the metric at τ → τ (±)∗ −. We have
(
Q(±)
)2 ∼
1/2(D − 2)(τ (±)∗ − τ) and Q(±) ∼ ±1/
√
2(D − 2)(τ (±)∗ − τ), which implies that
A(±) ∼ A(±)∗ ∓
√
2(τ
(±)
∗ − τ)/(D − 2), where A(±)∗ are constants, so A(±) are finite
at τ → τ (±)∗ −, albeit their derivatives w.r.t. τ are not. Furthermore, we have
B(±) ∼ − ln
(
τ
(±)
∗ − τ
)
/2, so B(±) are singular. However, this is just a coordinate
singularity due to the choice of the time coordinate τ . The Ricci tensor is finite
and so is the scalar curvature.11 Furthermore, this coordinate singularity is at finite
“proper time”. Thus, first note that τ = ln
(
ν(±)t
)
, where ν(±) are integration
constants for the Q(±) solutions. Let t(±)∗ correspond to τ
(±)
∗ : t
(±)
∗ ≡ exp(τ (±)∗ )/ν(±).
Let us further define the “proper time” dτ˜ ≡ exp (B(±)) dt. Since, dt = tdτ , as
τ → τ (±)∗ −, we have dτ˜ ∼ t(±)∗ exp
(
B(±)
)
dτ ∼ t(±)∗ dτ/
√
τ
(±)
∗ − τ , and τ˜ ∼ τ˜ (±)∗ −
2t
(±)
∗
√
τ
(±)
∗ − τ , where τ˜ (±)∗ are constants corresponding to τ (±)∗ , i.e., these values
of the “proper time” are finite. Also, note that A
(±)
τ˜ ∼ ±1/
√
2(D − 2)t(±)∗ , so
the derivative of A w.r.t. the “proper time” is finite. Furthermore, note that at
τ → −∞ we have B(±) → −τ , and dτ˜ ∼ dτ/ν(±), so even though τ → −∞, we can
have τ˜ → +∞ or τ˜ → −∞ depending on the sign of ν(±).
The metric in the “proper time” (or flat slicing) coordinates is given by
ds2 ∼ −dτ˜ 2 + exp(2A) δijdxidxj , (40)
which is finite. Now we can sew the Q(±) solutions together to obtain a geodesically
complete space. Thus, consider the following solution. Let A
(+)
∗ = A
(−)
∗ ≡ A∗.
11 Before fixing the gauge by setting the scalars to their background values via (9), we have
additional gauge invariants GMN∂Mφ
A∂Nφ
B , which upon gauge fixing reduce to GMN . Since A
is finite and B goes to +∞ at τ → τ (±)∗ −, these additional gauge invariants (i.e., the components
of the inverse metric) are also finite.
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Figure 1: Exact solution (D = 4, ν = 1) of Subsection 4.1. x-axis: “proper time”
τ˜ ; y-axis: A in (40). (We have set τ˜1 and A(τ˜1) to 0 in (40) – see Subsection 4.1.)
t
(+)
∗ = −t(−)∗ ≡ t∗, ν(+) = −ν(−) ≡ ν, τ (+)∗ = τ (−)∗ ≡ τ∗ (which implies that τ0 ≡
τ
(+)
0 = τ
(−)
0 −
√
D − 2pi/(D − 1)). Furthermore, let τ˜ (+)∗ = τ˜ (−)∗ ≡ τ˜∗. Then we have
a smooth solution defined for τ˜ ∈ R such that Q ≡ Aτ is given by Q = Q(±) for
τ˜ ∈ R∓τ˜ when ν > 0, and Q = Q(±) for τ˜ ∈ R±τ˜ when ν < 0, where R−x ≡ (−∞, x]
and R+x ≡ [x,+∞). Note that A is continuous and Aτ˜ is also continuous (even
though Aτ is not). The ν > 0 and ν < 0 solutions are mirror to each other under
τ˜ → −τ˜ . For definiteness, without loss of generality, we will therefore assume ν > 0.
In this solution at τ˜ → −∞ we have de Sitter space. As τ˜ increases, the space
contracts, but this contraction slows down and stops at τ˜ = τ˜1, where τ˜1 corresponds
to τ1 ≡ τ0 + ln(D − 2)/2(D − 1) < τ∗ ≡ τ0 +
√
D − 2pi/2(D − 1), and for τ˜ > τ˜1
the space starts to expand, seamlessly goes through the “sewing” point τ˜ = τ˜∗
and continues to expand asymptotically approaching de Sitter at τ˜ → +∞. The
interesting feature of this solution is that there is an epoch where the space appears
to be (nearly) flat, which is near τ˜ = τ˜1. And this occurs regardless of the value of
the cosmological constant Λ˜. In fact, this solution is a “no-scale” solution despite the
fact that there is a mass scale in the theory. In particular, if we rescale ν → λν, where
λ is a constant, the solution is the same as before with the rescaling τ˜ → τ˜ /λ. Fig.1
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Figure 2: Scalar curvature via (30) in the Fig.1 solution. x-axis: τ˜ ; y-axis: ln(R/µ2).
shows this solution with D = 4, ν = 1, τ˜1 = 0 and A(τ˜1) = 0. Fig.2 shows ln(R/µ
2).
Even though there is no small parameter, the scalar curvature R drops about two
orders of magnitude from R(τ˜ → −∞) ≈ 10.2 µ2 to R(τ˜ → +∞) ≈ 0.123 µ2.
4.2 General α (for β = 1/2)
In the case of general α, where α ∈ (−∞, 1), the above equations of motion for Q
and B are more complicated:
Qτ =
(D − 1)(Q+ 1)
(1− α)(D − 2) +
[
Q− 1
(1− α)(D − 2)
]
B˜τ , (41)
B˜τ = (1− α)(D − 2)Q2 + (D − 1)Q+ α(D − 2)e2B˜ + 1 , (42)
where B˜ ≡ B + ln(Ht). It will also be useful to rewrite (41) and (42) as follows:
Qτ = (Q+ 1)
[
(1− α)(D − 2)Q2 + α(D − 2)Q+ 1]+
α(D − 2)
[
Q− 1
(1− α)(D − 2)
] [
e2B˜ − 1
]
. (43)
B˜τ = (Q+ 1) [(1− α)(D − 2)Q+ α(D − 2) + 1] +
α(D − 2)
[
e2B˜ − 1
]
. (44)
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So we have a system of two first order nonlinear differential equations, which is
difficult to solve in closed form for general α. (Note that for α = 0 the exponential
term vanishes and the system reduces to a first order nonlinear differential equation
for Q, which we solved above.) Happily, we do not need to solve this system in
closed form to understand if there is a ghost or tachyonic instability for α < 0 (or
α > 0 for that matter).
First, note that irrespective of the value of α we have the de Sitter solution
where Q ≡ −1 and B˜ ≡ 0. The question is whether there are any other so-
lutions as in the α = 0 case. Asymptotically, at |τ | → ∞, a priori we can
have Q → const. or |Q| → ∞. Let us show that asymptotically we cannot have
|Q| → ∞. From (41) we have B˜ ∼ ln |Q| − (D − 1)(τ − τ0)/(1 − α)(D − 2)
in this case, where τ0 is an integration constant. Then (42) implies that Qτ ≈
(D − 2)Q3 [1− α + α exp (−2(D − 1)(τ − τ0)/(1− α)(D − 2))]. This, in turn, im-
plies that |Q| → ∞ must occur at finite τ → τ∗. Indeed, let us first assume that
|Q| → ∞ occurs at τ → +∞. Then we would have Qτ ≈ (1 − α)(D − 2)Q3,
whose solution behaves as 1/Q2 ∼ 2(1 − α)(D − 2)(τ∗ − τ), where τ∗ is an inte-
gration constant, so our assumption that |Q| → ∞ occurs at τ → +∞ does not
hold. Next, let us assume that |Q| → ∞ occurs at τ → −∞. Then we would have
Qτ ≈ (D − 2)αQ3 exp (−2(D − 1)(τ − τ0)/(1− α)(D − 2)), whose solution behaves
as 1/Q2 ∼ α(1 − α)(D − 2)2 exp (−2(D − 1)(τ − τ0)/(1− α)(D − 2)) /(D − 1), so
our assumption that |Q| → ∞ occurs at τ → −∞ also cannot be correct. Since
|Q| → ∞ can only occur at finite τ → τ∗, we have 1/Q2 ∼ 2(D− 2)ζ(τ∗− τ), where
ζ ≡ 1− α + α exp (−2(D − 1)(τ∗ − τ0)/(1− α)(D − 2)). Whether |Q| → ∞ occurs
at τ → τ∗+ or τ → τ∗− depends on the sign of ζ: for ζ > 0 it occurs at τ → τ∗−,
while for ζ < 0 it would occur at τ → τ∗+. Since α < 1, for α ≥ 0 we have ζ > 0.
For α < 0 we need to dig deeper (see below). In any event, just as for α = 0, there
is a coordinate singularity at τ = τ∗, the space is geodesically incomplete, and in
any physically meaningful solution we would have to continue through the τ = τ∗
point by sewing two geodesically incomplete solutions with Q going to the opposite
infinities as τ → τ∗ from two different sides of τ∗, just as in the α = 0 case.
Now that we have established that asymptotically we can only have Q→ const.,
asymptotically we have three possibilities: i) B˜ → const., ii) B˜ → +∞, and iii)
B˜ → −∞. Let us assume that asymptotically we have B˜ → const., so B˜τ → 0.
Since Q˜τ → 0, (41) implies that we must have Q → −1, and then (44) implies
that B˜ → 0. We can therefore linearize (43) and (44) in the asymptotic regime:
Q = −1 + q, where |q|  1 and |B˜|  1:
qτ ≈ [(1− 2α)(D − 2) + 1] q − 2α
1− α [(1− α)(D − 2) + 1] B˜ , (45)
B˜τ ≈ − [(1− 2α)(D − 2)− 1] q + 2α(D − 2)B˜ . (46)
So, we have a system of first order linear differential equations with constant co-
efficients. Then we have q ∼ q1 exp(λτ) and B˜ ∼ B˜1 exp(λτ), where λ can take
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two values given by the eigenvalues λ1 and λ2 of the 2 × 2 matrix D of the co-
efficients in the system (45) plus (46). From λ1 + λ2 = Tr(D) = (D − 1) and
λ1λ2 = det(D) = 2α(D − 1)/(1− α) we get
λ1,2 =
D − 1
2
[
1±
√
1− α/αc
1− α
]
, (47)
where
αc ≡ D − 1
D + 7
. (48)
That is, for α > αc such asymptotic solutions do not exist. This occurs when
graviton mass is M2 > M2c , where
M2c ≡
M2∗
1− αc =
1
4
(D − 1)(D + 7)H2 . (49)
Note that these critical values αc and M
2
c are valid for β = 1/2 and it is natural to
assume that they generally should depend on β. We derive αc and M
2
c for general
β in the next section.
For α = αc the eigenvalues are degenerate. For 0 < α < αc both eigenvalues are
positive, so such asymptotic solutions can only occur at τ → −∞, which is consistent
with what we found above that for α > 0, where we can only have |Q| → ∞ at
τ → τ∗−. For α = 0 one of the eigenvalues vanishes: λ2 = 0; this is, as we found
above, because in this case we have a first order differential equation for Q. When
α < 0, λ1 is positive, while λ2 is negative. So, we can have two different types of
solutions, one where Q→ −1 at τ → −∞ and |Q| → ∞ at τ → τ∗−, and the other
where Q→ −1 at τ → +∞ and |Q| → ∞ at τ → τ∗+. As we mentioned above, we
must sew two geodesically incomplete solutions at τ = τ∗ to obtain a geodesically
complete solution, which, as in the α = 0, case asymptotically goes to de Sitter
(Q→ −1) on both ends.
We still need to check if we can have B˜ → +∞ or −∞ asymptotically. In the
former case from (42) we have B˜τ ∼ α(D − 2) exp(2B˜), whose solution behaves as
exp(−2B˜) ∼ −2ατ , so our assumption that B˜ → +∞ does not hold. However,
a priori we could have B˜ → −∞. In this case from (41) and (42) it follows that
Qτ ∼ [Q+1/(1−α)] [(1− α)(D − 2)Q2 + 1], so we invariably have Q→ −1/(1−α)
and B˜τ → −α/(1−α). Furthermore, for α > 0 this can only occur at τ → −∞. This
is because in this case asymptotically we must have q → 0, where q ≡ Q+1/(1−α),
and we have qτ ≈ (D−1+α)/(1−α)q, and the coefficient in front of q is positive for
α > 0. However, since the assumption is that B˜ → −∞, this implies that for α > 0
this could only occur as τ → +∞ as we have B˜τ → −α/(1−α). So, such asymptotic
solutions cannot exist for α > 0. On the other hand, for α < 0 we can have B˜ → −∞
only at τ → −∞, which implies that we must have α > −(D− 1). Furthermore, we
have B = B˜ − τ ∼ −τ/(1 − α), so B → +∞. Also, A ∼ −τ/(1 − α) → +∞. For
13
the scalar curvature we have
R = µ2
[
GMNG˜MN −D
]
=
µ2
[
1
H2t2
(
e−2B + (D − 1)e−2A)−D] ∼ Dν2µ2 exp( 2ατ
1− α
)
→ +∞, (50)
where ν is an integration constant (from t = exp(τ)/ν). So, we have a singularity.
In fact, this is a naked singularity. Thus, for the “proper time” we have dτ˜ ≡
exp(B)dt = exp(B + τ)dτ/ν = exp(B˜)dτ/ν, so we have τ˜ → τ˜0 as τ → −∞,
where τ˜0 is a finite integration constant. That is, we have a true naked singularity
at a finite “proper time”. So, B˜ → −∞ solutions are not physical and must be
discarded.12 For α < 0 this leaves us with solutions where asymptotically Q → −1
and B˜ → 0. Note that the only solution where asymptotically we have Q→ −1 for
both τ → −∞ and τ → +∞ is the de Sitter solution itself where Q ≡ −1. In all
other solutions asymptotically we have Q→ −1 at τ → −∞ or +∞ and |Q| → ∞
at τ → τ∗− respectively τ → τ∗+, and at τ = τ∗ we must sew two geodesically
incomplete solutions into a geodesically complete solution as in the α = 0 case.13
5 αc for General β
Let us study the full equations of motion (13) and (14) with the metric of the form
(31). Our goal in this section is to derive αc for general β. To do this, let us assume
that the metric GMN asymptotically approaches the background metric G˜MN , so we
have A ≡ − ln(Ht) + A˜, B ≡ − ln(Ht) + B˜, and eventually we will keep only the
linear terms in A˜ and B˜. The exact equations of motion read:
Λ˜
µ2
[
A˜ττ + B˜τ − A˜τ B˜τ
]
= −V ′(X)(D − 1)
[
e2B˜−2A˜ − 1
]
, (51)
Λ˜
µ2
(
A˜τ − 1
)2
= V ′(X)
[
(D − 1)e2B˜−2A˜ − 1
]
+ [V (X)−XV ′(X)] e2B˜, (52)
(D − 1)
[
e2B˜−2A˜ − 1
]
+ (D − 1)A˜τ − B˜τ + V
′′(X)
V ′(X)
Xτ = 0 . (53)
The linearized expression for X is given by X = D− 2
[
(D − 1)A˜+ B˜
]
, so we have
(D − 1)A = (D − 1)
[
βq + B˜
]
− (1− β)B˜τ , (54)
X = D − 2
[
DB˜ + (D − 1)βq − (1− β)B˜τ
]
, (55)
12 Perhaps adding higher-curvature terms could smooth out this singularity.
13 These solutions are qualitatively similar to the exact solution we found in the α = 0 case and
can be obtained numerically.
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where q ≡ A˜τ , M2∗/M2 ≡ 1 − α, M2 = 2µV ′(D), M2∗ = Λ˜/(Dβ − 1), Λ˜ = (D −
1)(D − 2)H2, and β ≡ 1/2− V ′′(D)/V ′(D). So, we have the following system:
qτ =
[
(D − 1)− α(Dβ − 1)
β(1− β)
]
q − α
1− α
[
D − 1
1− β −
α(Dβ − 1)
β(1− β)
]
B˜ , (56)
B˜τ = −
[
(D − 1)− 1
β
− α(Dβ − 1)
β(1− β)
]
q +
α(Dβ − 1)
β(1− β) B˜ . (57)
Let the matrix of the coefficients on the r.h.s. be D. Then the eigenvalues of this
matrix λ1 and λ2 satisfy the following equations: λ1 + λ2 = Tr(D) = (D − 1), and
λ1λ2 = det(D) = α(D − 1)/(1− α)(1− β). This implies that
λ1,2 =
D − 1
2
[
1±
√
1− α/αc
1− α
]
, (58)
where
αc ≡ D − 1
D + 3+β
1−β
, (59)
so solutions (other than de Sitter itself) where asymptotically we have de Sitter do
not exist for α > αc, or for M
2 > M2c , where
M2c =
M2∗
1− αc =
(D − 1)(D − 2)
4(Dβ − 1) (D(1− β) + 3 + β)H
2 . (60)
Note that for β = 1 we have M2c = (D−2)H2 = M2∗ , so there are no such asymptotic
solutions for M2 > M2∗ in this case, while for M
2 ≤ M2∗ we do have such solutions.
This is the restatement of the Higuchi bound for β = 1: the naive perturbative
ghost instability for M2 < M2∗ translates into the fact that we have other solutions
to the full non-perturbative equations of motion where the space is de Sitter only
asymptotically. There is nothing “wrong” with these solutions, in fact, perhaps they
are even more interesting than de Sitter. But there is no catastrophic “instability”
such as the space-time collapsing; there is a contraction followed by an expansion
with an epoch where the space appears to be (nearly) flat. Also, note that for
β = 1/D we have αc = 1/(D − 1), albeit M∗ is infinite at this point, and so is Mc,
so we have such asymptotic solutions for all values of M in this extreme case.
6 Concluding Remarks
Throughout this paper we deliberately kept the space-time dimension D arbitrary.
This is done for two main reasons. First, more prosaically, calculations are less
error-prone this way. Second, while for cosmological implications D = 4 is the
interesting case, in the event that our results may find application in string theory,
it is desirable to have arbitrary D.
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The non-perturbative massive solutions found in [11] in the Minkowski case are
oscillatory – the space expands and contracts eternally, in some solutions along
just one dimension (such solutions were dubbed as “cosmological strings” in [11]14).
Here, in the massive Sitter case, we find solutions that asymptotically in the past
start as de Sitter, contract, and then expand again, with de Sitter asymptotically in
the future. It would be interesting to study if there are tunneling effects such that
effectively “oscillating” solutions could be obtained semi-classically in the massive
de Sitter case.15
Finally, it would be interesting to understand if non-perturbative massive solu-
tions we found here might have implications for or provide yet another alternative
to the inflationary scenario (see, e.g., [20, 21, 22]) – here we have no scalar fields
(in the broken phase); however, “handwavingly” one may imagine that the fake per-
turbative would-be ghost secretely plays the role of a scalar. It would likely require
developing new non-perturbative techniques to understand this issue in detail.
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